?  JTC  FILE  COPY  AO  All  62  04 


Mathematics  Research  Center 
University  of  Wisconsin— Madison 
610  Walnut  Street 
Madison.  Wisconsin  53706 


iy  1982 


.eceived  December  1,  1981) 


Approved  for  public  reloose 
Distribution  unlimited 


onsored  by 

S.  Army  Research  Office 
P.  O.  Box  12211 
Research  Triangle  Park 
"orth  Carolina  27709 


82  06  29  059 


UNIVERSITY  OF  WISCONSIN  -  MADISON 
MATHEMATICS  RESEARCH  CENTER 


SOLUTIONS  OF  THE  POROUS  MEDIUM  EQUATION 
IN  RN  UNDER  OPTIMAL  CONDITIONS  ON  INITIAL  VALUES 

Philippe  Benilan,  Michael  G.  Crandall  and  Michel  Pierre 

Technical  Summary  Report  #2387 

May  1982 

ABSTRACT 

It  is  shown  that  the  initial-value  problem  ufc  =  A(|u|m  ^u),  u(x,0)  = 
Ug(x),  where  m  >  1,  has  a  solution  on  RN  x  {0,T)  for  some  T  >  0  if 
-(“  +N) 

R  |x|<R}  is  b°un<3e<i  independently  of  R  >  1.  The 

restriction  on  uQ  is  known  to  be  necessary  as  well  by  recent  results  of 
Aronson  and  Caffarelli,  so  this  theorem  is  the  best  possible.  Many 
supplementary  results  give  refined  estimates  on  the  solution  under  various 
conditions  on  uQ,  establish  uniqueness  within  the  existence  class,  allow 
Uq  to  be  a  Radon  measure,  establish  continuous  dependence  on  uQ  in  various 
spaces,  etc. 


AMS  (MOS)  Subject  Classifications:  35K15,  35K65 

Key  Words:  Porous  media  equation,  initial-value  problem,  degenerate  parabolic 
equation 

Work  Unit  Number  1  -  Applied  Analysis 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 . 


SIGNIFICANCE  AND  EXPLANATION 


This  work  establishes  existence  of  solutions  of  the  initial-value  problem 
ufc  =  A ( | u |  u) ,  u(x,0)  ■  Uq ( x ) ,  where  m  >  1,  under  the  most  general 
toonditions  on  un.  Namely,  u0  need  only  be  such  that 


-(—  +N) 

R  m_1  J 


{|x|<R}K)(x)|dX  bounded  independently  of  R  >  1.  Aronson 


and  Caffarelli  have  shown  this  requirement  to  be  necessary.  Many  auxiliary 
results^  ^re  given  in  the  form  of  estimates  on  solutions,  uniqueness  and 
continuous  dependence  theorems,  etc. 

while  the  results  may  be  viewed  as  "technical"  in  that  the  main  points 
consist  of  estimates  of  various  sorts,  the  equation  treated  is  of  broad 
practical  interest  and  the  estimates  reflect  basic  properties  of  the 
equation.  The  results  obtained  are  the  only  ones  known  to  the  authors  wherein 
the  solvability  of  a  realistic  nonlinear  initial  value  problem  for  a  partial 
differential  equation  is  now  understood  as  completely  as  in  the  case  of  the 
heat  equation. 


;A 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 


SOLUTIONS  OF  THE  POROUS  MEDIUM  EQUATION 
IN  UNDER  OPTIMAL  CONDITIONS  ON  INITIAL  VALUES 

Philippe  Benilan,  Michael  G.  Crandall  and  Michel  Pierre 


Introduction 

This  paper  concerns  the  initial-value  problem 


(IVP) 


4( |u|"  'u) 


RN  *  (0,T),  m  >  1 


^  u(x,0)  -  uQ(x),  x  e  * 

where  the  interval  of  existence  [G,T)/  T  >  0,  depends  on  the  initial  data  Ug.  We  are 
interested  in  solving  IVP  for  the  largest  possible  class  of  functions  uQ.  In  fact,  we 
will  prove  a  nonlinear  version  of  the  result  which  states  that  the  linear  problem 


(0.1) 


ufc  “  Au  on  R  *  (0,T) 


V  u(x,0)  »  uQ(x),  x  e  rn 
has  a  solution  on  some  interval  [0,T)  if 

I  I2 

(0.2)  /  |uQ(x)|e  0  x  dx  <  “  for  some  c  >  0  . 

(Of  course,  (0.2)  guarantees  that  the  solution  formula  for  (0.1)  provides  a  solution  on 
[0,4/c).)  If  Ug  >  0  it  is  know  that  (0.2)  is  also  necessary  for  (0.1)  to  have  a  solution 
u  >  0  on  some  time  interval  [0,T),  T  >  0  ([15]). 

Here  we  prove,  without  the  aid  of  explicit  solutions,  that  (IVP)  has  a  solution  on 
some  interval  (0,T)  if 


(0.3) 


•(N+ 


sup  R 
R>1 


m-1 ' 


/<|x|<R}|u0(X)|dX  <  * 


or,  equivalently  (see  the  Appendix), 
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(0.3) ■ 


sup 
R>1  R' 


1_  f 
_N  J{ 


|uQ(x)| 


x  |  <r} 


(1+|x|2)1/<m_1> 


dx  <  « 


This  condition  is  necessary  in  the  class  of  nonnegative  solutions  as  has  been  recently 
proved  by  Aronson  and  Caffarelli  [161. 

In  fact,  we  will  prove  that  if  Mu^)  (a  given  by 


(0.4) 


“V 


-<N+  jpj) 

lim  sup  R  /f lvl<Rl|u0(x) |dx  * 

rt-  R>r  11  1  ' 


then  (IVP)  has  a  solution  on  a  maximal  interval  [0,T(Uq))  with 
(0.5)  T(uq)  >  c/6(u0)“-1 

where  c  is  a  constant  depending  only  on  N  and  m.  This  result  implies  (1VP)  has  a 
solution  defined  for  all  t  »  0  if  1( u^ )  »  0  and  (in  the  class  of  nonnegative  solutions) 
we  will  show  the  necessity  of  f  (uQ )  -  0  for  global-time  existence. 

Let  us  reconcile  the  above  statements  with  several  of  the  known  solvability  results 
for  (IVP).  If  uQ  e  L^  (■** )  i  then  l|ug!  -  0  and  T(uQ)  »  ».  The  global  time  solvability 
in  this  case  is  known  via  the  nonlinear  semigroup  theory  (see  [4],  [6]).  If  uQ  e  L1  ( it1 )  + 
lW  ),  again  i(u^ )  *  0  and  T( )  -  *.  This  is  also  obtainable  from  known  results. 

In  the  other  direction,  if 

1 

(0.6)  uQ(x)  "  +  8I*I2>"  **  o.S  >  o  , 

then  the  explicit  solution 


k  ,  .  ,2  — r 

(•  *  at  &-r’  . 


(T-t) 

N(m-1 ) 
N(ra-1 )+2 


k  _t 
2mN  6 


shows  u  "blows  up"  at  k/2mN(t(uQ))  .  This  verifies  that  (0.5)  is  sharp  as  regards  the 
functional  dependence  on  Mu^).  Further  remarks  concerning  the  sharpness  of  (0.5)  and 
"blow  up"  may  be  found  in  the  text. 
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The  existence  proof  herein  relies  on  rether  novel  estimates,  the  main  one  being  an 


estimate  of 
(0.7) 


in  iV)  for  t  e  ( 0 ,T( Uq ) )  in  terms  of  the  norm  of  ug  defined  by  (0.3).  In  the 
process  of  obtaining  this  estimate  we  use  the  inequality  established  by  Aronson  and  Benilan 
[ 1 ] ,  namely 

(0.8)  Au*"’1  >  -  ,  c  ■  c(m.N) 

for  certain  nonnegative  solutions  of  (IVP).  We  prove  that  if  u  >  0  satisfies  (0.8) 
then  v  ■  u/(U|x|2),^“-1>  can  be  estimated  in  L  (*N)  by 

-<»♦  ~r) , 

(0.9)  sup  R  Jjjx|<Rj|u(x,t)|dx,  r  »  1  , 


that  is  (see  (0.3)')  in  terms  of  averages  of  v  over  balls  centered  at  the  origin.  We 
then  control  the  evolution  of  the  quantity  (0.9!  with  time. 

The  same  type  of  proof  also  provides  various  L  -estimates  of  u  in  terms  of  various 

m  u 

norms  of  uQ.  We  obtain,  for  instance,  u  8  X,  (R  )  for  all  t  >  0  if 
(0*10)  ^ (!x-r|<l}|u0(x,|dx  <  "  * 


The  existence  theorem  is  precisely  formulated  and  proved  in  Section  1,  as  well  as  the 
L  -estimates  mentioned  above.  The  case  in  which  u0  is  a  measure  satisfying  the  analog 
of  (0.3)  is  also  treated.  Section  2  proves  the  uniqueness  of  the  solutions  obtained  in 
Section  1.  Some  simple  but  useful  remarks  about  the  space  X  of  functions  ug  satisfying 
(0.3)  are  collected  in  the  Appendix. 


Section  1 .  Existence 

Throughout  this  section  we  will  be  concerned  with  the  problem 


(IVP) 


{ufc  -  A ( |  u| a  »  0,  t  >  0,  x  e  RM  , 
u(x,0)  -  Uq ( x )  , 


where 

(1.1)  N  >  1  and  m  >  1  . 

To  formulate  the  main  existence  results  for  (IVP)  we  require  several  definitions.  First, 
for  each  f  e  lJoc(EN)  and  r  >  0,  let 

-<N+  ~) 

(1.2)  Ifl  -  sup  R  1  /  |  f  | 

r  R>r  B  R 

where  /  f  denotes  the  Lebesque  integral  of  f  over  K  c  rN  and  B  -  ( x  e  RN i 
K  R 

I x |  <  R>.  If  K  -  R**  we  will  simply  write  / f.  Note  that  if  Ifl^  is  finite  for  some 
r  >  0,  then  it  is  finite  for  all  r  >  0.  Set 

(1.3)  X*  (f  e  LjJoc(BN)i  lfl1  <  -} 

and  equip  X  with  the  norm  I  I ^ .  clearly  X  is  a  Banach  space  and  I  I ^  is  an 
equivalent  norm  on  X  for  any  r  >  0.  If  uQ  e  X  we  define 

(1.4)  i(Ug)  “  *u0*r 


Next,  for  a  e  R  define 

Pa(x)  -  (1  +  |x|2fa 

and  let 

l1^)  -  {f  e  lJoc(«n),  /  |ftoa  <  -} 

be  equipped  with  the  norm 

Ifl  .  -  /  IflP.  • 

L  (Pa) 

We  will  be  considering  solutions  of  (IVP)  as  curves  in  X,  t'(p  )  and  other  spaces 
and  will  be  writing  "u(tl"  in  this  context.  The  local-time  existence  theorem  for  (IVP) 
is  stated  next.  It  is  made  complex  by  the  detailed  information  we  have  put  in  it.  Let  us 
present  the  theorem  and  then  discuss  its  nature. 
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Theorem  E 


r 


Existence i  There  is  a  constant  c^  >  0  depending  only  on  N  and  ra  and  a  mapping 


where 

(1.5) 

with  the  properties: 


U  :  { ( t / Ug )  :  0  <  t  <  T ( Uq ) ,  Ug  e  X)  *  X 


T(Ug )  ■  Cj/lMUg))®-1  and  T(ufl)  «  •  if  t(uQ)  “  0  , 


(i) 

If 

uQ  e  X,  then  Ip 

V^D^'V1  -  J.  •t*oc‘°',<*0,»* 

u  ( K  / 

(ii) 

If 

a  >  — ~  7  and 

m-1  2 

Ug  (  X,  then 

ue,uQ)  e  c([o,t(u0))»  l1(p(J>) 

and 

U(0,u„)  -  u0. 

(ill) 

u(t) 

-  U ( t , Ug )  is  a 

solution  of  ut  »  A( |u|  u)  in  the  sense  of  distributions  on 

(0,T(u0)>. 

Estimates: 

Let 

(1.6) 

Tr(u0)  “  for  r  >  1  . 

These 

are  constants  Cj,  c3 

depending  only  on  N  and  m  (and  not  on  r)  such  that  the 

following  estimates  hold: 


If  uQ  e  X,  1  <  r  <  R  and  t  e  lO,Tr(uQ))  , 


(1.7) 


then 


IU(t,uQ)l  „ 

_ L  (BR)  ,  C_2  ,21/N  ,  _  K 

R2/<®-1)  Vr  '  (m-1 >N+2  • 


(1.8) 


If  uQ  e  X,  r  >  1,  and  t  €  [0,Tr(u0))  , 


then  IU(t,uQ)lr  *  o j ' Ug •  r  . 


Dependence  on  Data:  If  uQ,  vQ  e  X,  r  >  1,  a  e  R,  t  e  [0,min(Tr (uQ ) ,Tr (vQ ) ) ) ,  then 

2X/N 


(1.9) 

and 


V 

IU(t,u  )  -  U(t,v  )l  <  e  lu  -  v  I 

L  (Pa)  L’fPJ 
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(1.10) 


lu(t,u0>  -  U(t,vQ)lr  < 
where  B 1  depends  only  on  max( lUg 1^ , I v^ l^.a.r ) 
and  X  is  given  in  (1.7). 

Ordering  Principle:  If  Ug ,  Vg  e  X,  then  Ug  > 
0  <  t  <  min(T(Ug ) .  T(vQ)). 


B,t2X/N 

« 


B-,  depends  only  on  max( luQ 


vQ  implies  U(t,uQ)  >  U(t,vQ) 


•  . 'v„l 

r  Or 


for 


Remark  1 .  If  ufl  e  X,  the  assertions  (i),  (ii)  of  the  theorem  guarantee  us  a  measurable 
representative  u(x,t),  x  e  ft* ,  t  e  (0,T(Ug))  of  U(*,Ug)  which  is  locally  bounded  in 
R1*  X  (0,T(Ug)).  Thus  ut  and  d(|u|m  'u)  are  defined  in  P*(RN  *  (0,T(uQ))  and  the 
assertion  (iii)  is  meaningful. 

In  fact,  one  can  prove  regularity  for  u  •  U(t,Ug)  which  we  have  not  listed  in  this 
theorem.  In  the  course  of  proving  Proposition  1.6  below  it  is  established  that  (|u|m-1u)t 
and  V(|u|m  'u)  are  locally  square  integrable  on  RN  x  (0,T(Ug>).  Moreover,  P.  Sacks  has 
proved  (personal  communication)  that  u  is  continuous  on  R  x  (0,T(Ug)). 

Remark  2.  The  role  played  by  L^lp  )  is  auxiliary:  the  natural  claim  would  be 

"U(*,Ug)  e  C([0,T(uq))i  X)",  but  this  is  unfortunately  false  in  general.  One  sees  this 

1 

2  m- 1 

from  (i),  since  functions  which  are  bounded  by  a  multiple  of  (1  +  |x|  )  are  not  dense 

in  X  (see  the  Appendix  on  X).  However,  for  a  >  — ^  one  has  X  c  l'(P„)  (see 

m- 12  a 

Lemma  1.1  below)  and  U(*,Ug)  is  continuous  into  L  (Pa>.  The  estimate  (1.9)  plays  a 
significant  role  in  the  construction  of  u. 


Remark  3.  The  estimates  (1.7),  (1.8)  occur  in  the  course  of  the  proof  and  it  is  convenient 


to  record  them  here.  Note  that  (1.7)  implies  that  u(t)  “  U(t,un)  satisfies 


2X 


1 


t*|u(x,t)|  <  max(r2,  |x|2)m_1 


so 

(1.11) 


^  (1+|x|2),/("-,) 


|u(X,t) I 


which  implies  (i)  since  T(u0)  *  lira  T  (u  ). 

rt« 


2X 

lu„lN  for  0  <  t  <  T  (u.) 
Or  r  0 

The  same  estimate  also  gives 
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T~  pi 


(1.12) 


Lu(JS,l1?  L 


(1 


,  2  j 1 / ( n- 1 ) 


lu0*r 


2X 

N 


for 


1  <  r  4  |x|,  0  <  t  <  Tr(uQ)  . 


We  will  use  this  consequence  below. 


Remark  4.  The  assertion  (1.10)  shows  the  continuity  into  X  of  the  solution  of  (IVp)  with 
respect  to  the  initial  data  in  X.  It  leads  to  the  next  result  which  exhibits  a  remarkable 
correlation  between  the  global  solvability  of  (IVP),  (which  is  roughly  equivalent  to 
*(Uq)  •  0  -  see  Remark  S)  and  the  assumption  of  the  initial  value  in  the  topology  of  X. 

Set 


(1.13) 

Corollary  1.1.  Let  uQ  e  xQ , 
UU.Uq)  e  XQ  for  t  >  0  and 

(1.14) 


xQ  -  (ufl  e  x,  i(u0)  -  o)  . 
Then  U ( t , Ug )  ♦  u  in  X  as 


lim  - uiial) - 

|xl-(,>|x,V/(0-1> 


t  ♦  0. 


Moreover 


Remark  5.  This  corollary  is  proved  later,  but  we  mention  here  that  continuity  into  X 

for  Uq  e  Xq  is  essentially  a  consequence  of  (1.10)  coupled  with  the  fact  (proved  in  the 

Appendix)  that  XQ  is  the  closure  of  L1  (B?*)  in  X  and  the  known  solvability  of  (IVP) 

for  u  e  C(  [0,-)jL1(at)))  when  uQ  e  L1^).  The  result  (1.14)  follows  from  (1.12). 

Moreover,  using  the  results  of  (2)  one  can  prove  that,  in  the  nonnegative  case,  I(uQ )  »  0 

is  necessary  for  global  time  solvability  of  (IVP).  Indeed,  it  is  proved  in  (2)  that  if 

u(x,t)  is  a  continuous  nonnegative  solution  of  ufc  »  Aum  on  [0,1),  then 

<N+  l  +  fm-Dj 

/  u.(x)dx  4  c[R  +  u(0,1)  ) 

BR  ° 

2 

where  c  •  c(N,m).  If  u(t)  is  defined  on  (0,«*),  then  Ug(x,t)  «  u(8x,  8  t)  is  also  a 
solution  for  all  8  >  1.  Hence 

1  (N+  'TT!  7  1+(sv-1  )? 

—  /  Un(x)dx  -  J  Un(8x)dx  <  c [R  m  +  u(0,8  )  1 

B*  8BR  0  br  0 

or,  setting  S  «  8r 

1  ,  ,  ,  1+(m-1)| 

- j —  /  u.(x)dx  <  c ( — —  +  - - —  u(0,S  )  . 

(N+  ~)  BS  °  ~r  (N+  -^r) 
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We  deduce  that 


(N+  — “■) 

,u0*r  «  c!^r  *  Vr  ^  1 

gm-1 

I1+(m-1)§) 

where  cQ  =  0  u(O,0  )  <  ••  Let  r  ♦  m  with  0  fixed  and  then  0  ♦  00  to 

conclude  i(Ug)  = 

Remark  6#  In  the  scale  of  spaces  L1  (P  )  we  have  L*(P  )  c  X  when  a  <  — *—r  +  “  and 
-  a  u  u  tn—  I  c 

therefore  U(t,UQ>  is  defined  for  all  t  >  0  if  u^  €  L 1  )  for  such  u.  (See  the 

IN  1 

Appendix  where  other  cases  are  also  considered.)  If  Y  «  then  X  ^  L  (P^)  but 

U(t,uQ)  will  blow  up  in  finite  time  for  some  e  L^(P^)*  A  related  statement  is  that  no 
ball  {uQ  e  L  (p  )  :  luQl  ^  <  c}  is  mapped  into  a  bounded  set  in  L  (B^ )  by  U(t,*) 

l  (  Py  ) 

if  t  is  large.  This  is  clear  from  the  family  of  explicit  solutions  (see  Barenblatt  (31 
or  Pattle  (101) 


u  (x,t) 
n 


1 


(1+t) 


i  <°Jr 


|x-xj 


2  + 


J2 _ )  } 

2X/NJ  ‘ 


N 


(m-1 )N+2 


(  1+t) 
A(m-1 ) 


m  2mN 


x  »  (n,0, . . . ,0 ) 
n 


(We  implicitly  assume  the  uniqueness  result  of  Section  2  here.)  Then 

2 


/  u  (0)  -  / 


u  ( 0 )  <  cn 

n  (f  <  l*|  <  y-)  " 


i-i 


+N 


so  that 


while  for  (l+t)2^^*  >  8 


lu  (0)1  , 

"  l\Py) 


<  4^c 


u  (0,t)  > 


.X 


1 

,  cm  2 .  m- 1 

lr-  h  1 


(1+t) 

Remark  7.  Combining  Theorem  E  with  the  uniqueness  result  of  the  next  section,  one  can 
extend  (J(t,un)  uniquely  to  a  maximal  Interval  of  existence  0  <  t  <  T(un)  for  each 


Uq  e  X  (see  Theorem  EU  of  Section  2).  However,  the  dependence  of  T(u^)  on  *(uQ) 


\ 


cannot  have  a  better  form  than  (1.5).  This  is  shown  by  the  example  in  the  introduction. 

For  a  general  nonnegative  solution  the  computation  in  Remark  5  also  shows  that 
t(uQ)  <  c/i(u0>*  1 . 

Proof  of  Theorem  E. 

Preliminaries;  As  a  launching  point  we  will  use  that  if  uQ  e  L ^ )  n  L* ( ) ,  then  (IVP) 
has  a  unique  solution  u  e  C(  [0,“>;  L1(RN))  n  L  <HN  *  [D,00))  which  satisfies  the  equation 

in  the  sense  of  distributions  (see,  e.g.,  [71,  [61,  [51).  Moreover,  if 

IN  00  N  IN  •  m 

S  :  [0,«)  *  (L  (R  )  n  L  (R  ))  ♦  L  (R  )  n  L  (R  ) 

is  given  by  S(t,uQ)  -  u(t)  where  u(t)  is  the  solution  of  (IVP)  at  time  t,  then  for 

Ug,Vg  e  l\r*S  n  L  (EN)  we  have; 

(1-15)  s(‘,u0)  e  I.1  (■?* ) ) 

<1.16)  I S  ( t ,  u  )  -  S(t,v  )l  <  lu  -  v  I  for  t  >  0 

L  (B:  >  L 1  ( R™  ) 


(1.17) 

(1.18) 


(1.19) 


Uq  <  vQ  implies  S(t,u0>  <  S(t,vQ)  for  t  >  0 
ess  inf  Ug  <  S(t,uQ)  <  ess  sup  uQ  for  t  >  0 


The  relations  (1.15)  -  (1.18)  are  classical  while  (1.19)  is  a  result  of  Aronson  and  Benilan 

[11. 

We  will  also  need  the  following  technical  result: 

Lemma  1.2. 


(i) 

For  +  * 

we  have 

X  c 

( P_ >  with  continuous 
a 

injection. 

(ii) 

If  r  >  0,  {f  )  c 
n 

L1oc<rN) 

and 

fn  +  f  in  LIoc(rN)' 

then 

Ifl 

<  lira  inf  If  1 

^  ini  ir  ■  • 

r  n  r 


The  lemma  is  proved  in  the  Appendix. 


-9- 


Reduction  to  Si  Here  we  observe  that  Theorem  E  will  be  proved  if  we  can  produce  constants 
c)t  c 2»  c3,  B^ ,  b2  depending  on  the  indicated  quantities  such  that  the  assertions  (1.7)  - 
(1.10)  hold  when  U  is  replaced  by  S  and  uQ/  vQ  are  chosen  from  n  l”(RN). 


Indeed,  assume  (1.7)  -  (1.10)  hold  for  S.  For  u„  e  x  define  the  truncations  u„ 

u  un 


by 


(1.22) 


U0n<X)  “  Tn<U0(X,)  if  1*1  *  n  » 


u0n<x) 


if 


|x|  >  n 


where  T  i  R  ♦  R  is  given  by 


(1.23) 


f  ® 

if 

-n  <  s 

<  n 

v.) - 

n 

if 

n 

<  s 

1 

-n 

if 

s 

<  -n 

• 

i  1.2  we  have 

uQn  e  l\rN)  n  l“(RN)  for 

n  >  1  , 

lu„  1  increases  to  lu„ 

un  r  U 

1 

'  r 

and 

' u  -  u„l  ,  ♦  C 

°L’(Pa) 

)  as 

n 

♦  •  if 

a  > 

i 

m-1 

'5 


IN  1 

Now  S(*,u„  )  is  continuous  from  [0  ,“•)  into  X,  (R  )  and  hence  into  L  (p  )  for 
On  a 

o  >  0.  By  (1.9),  (assumed  for  S)  and  (1.23),  {S(t,u0n>}  is  a  Cauchy  sequence  in 

i  In 

C([0,T  (u  ))»  h  (P_ ) )  for  all  r  >  1  and  a  >  — -  +  —  and  thus  converges  to  a  limit 
r  u  a  m- 1  2 

which  we  define  to  be  U(t,uQ).  The  function  U(*,Ug)  is  then  defined  on  [0,T(uQ)) 

(since  Tr(u0>  increases  to  T(ug))  and  clearly  satisfies  (ii),  (iii),  (1.7),  (1.8), 

(1.9)  and  the  ordering  principle.  By  Remark  3,  (1.7)  implies  (i).  For  (1.10),  notice  that 
•  Ugn  -  vgn*r  *  lUg  -  V0*r  an<*  U8e  ^emaa  1*2.  Ip  this  way  we  reduce  the  proof  of  Theorem 
E  to  the  verification  of  (1.7)  -  (1.10)  for  S. 

Proof  of  Estimates  (1.7)  and  (1.8)  for  S.  It  will  prove  convenient  to  deal  with  a 
modification  of  1*1  .  Let  ♦  satisfy 
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(1.24) 


♦  (x)  •  <(|x|)  whore  *  e  C^IO,"))  is 

nonincreasing,  *(s)  •  1  for  0  *  s  <  1,  x(s)  -  0  for  s  >  2  and 


K(s)  “  e 


1 

2-8 


for  2  -  e  <  a  <  2  and  some  E  e  (0,1) 


The  detailed  structure  of  ♦  is  for  later  convenience.  Mow  define 

(1.25)  |f|  -  eup  — r* -  /  ♦<£)|f|  for  r  >  0  . 

1  R>r  +N  * 

r"-1 

One  easily  sees  that  l*lr  »nd  are  equivalent  norms  on  X  with  equivalence 

constants  independent  of  r  >  1 . 

The  next  result,  which  is  related  to  our  problem  via  (1.19),  is  the  heart  of  our 
proofs. 

Proposition  1.3.  Let  u  e  L  (■**)  be  nonnegative,  A  e  (0,“)  and 

(1.26)  Au”-1  >  -A  in  P • ( *N )  . 


Then  there  is  a  constant  X  depending  only  on  M  and  m  >  1  such  that  for  1  <  r  <  R 

(1.27) 

where  1  »  N/((m-1)N  +  2) 


2l(m-1) 

1  •  i®-1  <•  _,.M«-1)  .  .  M  .  ,  ,m-1 

lul  .  <  K(A  I u |  +  lu|  ) 

R2  L  (Br)  r  C 


In  order  to  keep  the  general  structure  of  the  proof  of  Theorem  E  in  view  we  postpone 
the  proof  of  Proposition  1.3  until  the  end  of  this  section.  The  next  result  yields  the 
estimates  (1.7),  (1.8)  of  Theorem  E  for  S  (recall  the  equivalence  of  I  lr  and  *  *r 
uniformly  in  r  >  1). 

Lemma  1.4.  There  are  constants  c^,  eg,  Cg  >  0  depending  only  on  N  and  m  >  1  such 

that  if  u„  e  L1^)  n  l“(«M),  r  >  1  and  0  <  t  <  c„/|u„|®_1,  then 
u  4  u  r 

(i)  |S(t,uQ)lr  <  c5lu0lr 


and 


(ii) 


ls<t.u  )I*J 


’■V<v 

- *  "TTb^TT  'Vr  R  '  r  • 
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Proof i  We  begin  here  the  first  of  several  computations  which  will  have  a  “formal" 
appearance.  That  is,  the  computation  is  clearly  valid  only  if  the  functions  involved  are 
sufficiently  regular.  We  will  not  give  detailed  proofs  here  that  the  outcomes  of  these 
computations  are  valid  for  the  less  regular  functions  we  deal  with,  as  this  may  be  done  in 
a  routine  way  during  the  construction  of  S  by  the  reader's  favorite  method.  In 
particular,  one  may  use  the  representation  of  S  by  the  generation  theory  of  nonlinear 
semigroups  and  the  results  of  [5]  to  do  this  (see,  e.g.,  [6]  for  an  example). 

It  will  suffice  to  prove  (i)  and  (ii)  for  u0  >  0  since  the  order  preserving  property 
of  S  and  S(t,-uQ)  -  -S(t,Ug)  imply 

(S(t,uQ))+  <  S(t,u*> 

(S(t,u0>)”  <  -S(t,-u~)  -  S(t,uQ)  , 

where  r*  “  max(r,0),  r"  -  (-rl*.  Thus  |S(t,u0)|  <  S(t,u*)  +  S(t,u”).  Thus  we  take 
uQ  »  0  below. 

Formally  u  -  S(t,Ug)  satisfies 

J  u(x,t)*(i>  -  /  ut»(|)  -  /  (Au“)»(|) 

-  /  u“A»(^)  -  /  u“  -Ij  <*♦)<*>  . 

We  integrate  this  in  time  to  conclude 

J  u(x.t)*<*>  -  /  u0<x)*<i>  +  ^  <*♦><*> 

R 

<  /  u  (x)*(|)  +  c  J*  R-2luln'1  /  u 

L  (B2r>  2R 

<  J  u.(x>»<£)  +  c  J*  R^lul"^1  /  u*(|r)  , 

L  (B2r> 

where  c  denotes  a  constant  varying  from  line  to  line.  Multiply  this  inequality  by 

-(JL  +«) 

R  and  take  the  supremum  over  R  >  r  of  both  sides  to  conclude  that  g(t)  “ 

I u( t  J | r  satisfies 
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(1.28) 


•u*  „ 

L  (B  ) 

g(t)  <  g(0)  *  c  H  (sup - ^-S-jgCOdT  . 


'0  '  r  2 
R»r  R 


Using  Proposition  1.3  in  conjunction  with  (1.19)  yields 
-1 


lu(t)l  . 


L  (8  )  A(m-1)  2X(”::1) 

2 -  *  c  ((-)  iu(t)lr  +  |u(t)lr  ) 


and  using  this  in  (1.28)  we  have 


(1.29)  g(t)  <  g(0)  +  c  J*  (T(m-1~  9(T)  *  +  g(T)“)dx  . 


A  continuous  solution  of  (1.29)  lies  below  the  solution  h  of 

(1  + 

h'(t)  -  c(..,  ..  h(t>  S  +  h(t)“) 

(1.30)  t  <“*1) 

h(0 )  -  g(0 )  , 

where  this  time  c  has  the  same  meaning  as  in  (1.29).  To  analyze  (1.30)  we  consider  the 
equation  eubject  to 

,  +  2A(m-1) 

h<t,B  4  TT^TT  h(t> 

or 

0  <  t  <  1/h(t)n_1 

which  will  be  valid  for  t  in  some  interval  [0,b].  On  this  interval  h  is  bounded  above 
by  the  solution  H  of 

!  ♦  lilSzlL 

H'(t)  -  r7~rr  H(t)  N  ,  H(0)  -  g(0)  , 

(1.31)  t  ,""1> 


which  is  explicitly  given  by 


(1.32) 

We  conclude  that 


H(t) 


_  2A(m-1 )  21 

(g(0)  N  -  2c(m-l)tN  ] 


N 

2  A ( m- 1 ) 


(1.33) 


g(t)  <  h(t)  <  H(t) 
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•o  long  as 


(1.34)  0  4  T  4  1/H( T J*"1  for  0  4  T  4  t  . 

By  (1.32),  (1.34)  reduces  to 

.  21 (e-1 )  2l  N_ 

0  4  T  4  [  g(  0 )  N  -  2c(«-1)TN  I2* 


21  ,  ..21 
—  -(»-1  )— 

0  <  (U2c(«-1)>t"  4  g( 0 ) 


or 

(1.35)  0  4x4  c^glO)*"1  . 

Moreover,  alnca  H  la  lncraaalng 

(1.36)  H(t)  4  iKc^/gtO)"”1 )  -  Cj  g(0)  for  0  4x4  c^/glO)*-1 
for  sosm  constant  c5. 

Tha  validity  of  (1.33)  and  (1.36)  on  (1.35)  yields  (1).  To  obtain  (ii),  we  use  again 
Proposition  1.3  together  with  (1.19),  (1.33),  (1.36)  to  gat 


2l(e-1) 


1  .  .e-1  -  .  1  i  N 

7  "V,v  ‘  c[7^ 


*  'vr > 


for  0  <  t  <  c^/ I UQ I 1  ,  R  >  r  >  1  . 


But  when  t I u. I 
0  r 


4  c^,  we  also  have 


i  i®-1 

u0  r 


luo'r 


2l  (e-1  ) 
N 


..  21..  ..  2l (B-1 )  ..  21. 

(1-  — )(b-1)  - - -  c  (1-  — ) 

'“o‘r  <  'Vr  <r» 


whence  the  eatleate  (ii)  with  a  suitable  c 

b 

Proof  of  Kstleates  (1.9),  (1.10)  for  S. 


(since  1  -  ~  «  1(b-1))< 

N 


To  obtain  (1.10)  we  foraally  proceed  as  follows i  Let  u  -  S(t,Ug),  v  •  S(t,vQ).  Let 
p  «  K  ♦  R  be  a  aaooth  increasing  function  with  p(0)  ■  0  and  j(r)  -  /jj  p(s)ds.  Then, 

/  ♦<j[)<Mu*  -  v*))p(uB  -  v»> 

-  -/  ♦(j)p'(u"  -  v“)|V(u"  -  vra)|2  -  /  (V*(£))p(uB  -  v")V(u"  -  v") 

4  -/  V*(j)Vj(um  -  v“>  -  /  (6»(^))j(u'n  -  vm)  . 
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Now,  let  p(r)  tend  to  the  signum  function  so  that  j(u“  -  v®)  tends  to  |um  -  v“|.  We 
conclude  that 

/  ♦<*)sign(u“  -  vm)A(u"  -  v“)  -  J  ♦(|>sign(u-v)A(um  -  v“) 

<  /  a*(£)Iu“  -  v“i  . 


Using  that  u,v  are  solutions  of  ufc  *  Au  ,  we  are  led  to 
d  r  . .x. 


—  /  ♦(^)|u-v|  -  /  $(-)sign(u-v)A(u  -  v  ) 


,  m- 1  ,  , m- 1 . 


<  /  |A*(J'i|  |um  -  vm|  <  /  I  A$|  {•^)B>ax(m|u|m- ' ,  mlvT  ')  |u-v| 


<  c  ma^R^lul":1  .  R"2lvlm;1  )  /  |u-v| 


L  <B2R> 


L  <B2R)  2R 


<  c  max( R  2lulln^1  ,  R 

L  <B2R>  L  <82RJ 


)  /  ♦<fi>  lu_vl 


-(~  +N) 

Multiplication  by  R  ,  use  of  Lemma  1.4  (ii)  and  integration  in  time  lead  to  the 


conclusion 


|i(m-1)  t  |u(T)  -  v(T)lr 
|u(t)  -  v(t)lr  <  |uQ  -  v0lr  +  c(max(|u0lr,  |vQlr» »  J„  ^  )  dT 


for  0  <  t  <  c,  min(|u„|1-",  |vj  The  result  follows  by  comparison  of 

4  or  or 

t  •*  |u(t)  -  v( t)  |  ^  with  the  solution  of 


h'(t)  -  k  h( t) t 
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h(0)  -  |uQ  -  v0lr  , 

2k  ,, 


where  8  «  X(m-1)  <1  and  k  -  c(max(|u0)r,  |v0 | f ) )  ,  namely 


hit)  -  lu0  -  Vr  e 

We  prove  (1.8)  in  a  similar  way,  using 


JL .  t'-8 

1-8  * 


^  /  P„|u-vl  *  I  (Apa)|u“  - 


m  m. 
v 


which  is  obtained  as  above,  while 

Apo  -  A( 1  +  |x|2)"a 


- (N  ♦  (N-2a-2)  |x|  2> 


(1  ♦  |x|2,a+2 


so  that 
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|AP0I  <  Ca 


and 


i  +  t*r 

ra-1 


n-1  % 


But,  for  r  <  R  <  | x |  <  2R 


and  for  |x|  <  r 


ao  that 


lu(x,t) 1°  1 
1  +  |x|2 


«u(t)l  . 


(2R) 

1+R2 


L  <B2R> 


( 2R) 


lu(x,t)  l”"1 
1  +  |x|2 


lutt)!®’1 

L  (Br) 
2 


»up„ 

xemN 


luU.t)!®"1 
1  +  lx|2 


<  c 

r 


lu(t>lB^1 

L  (B  > 

sup  - - - 

R>r  R 


Then  we  can  proceed  aa  above. 

The  proof  of  Theorem  G  la  now  completed  by  proving  Proposition  1.3. 

Proof  of  Proposition  1.3.  We  will  give  here  our  original  proof  of  this  result  using 
Moser's  well-known  ideas.  It  is  convenient  for  our  purposes  and  entirely  self-contained. 
See,  however,  the  remarks  at  the  end  of  the  proof. 

Let  u  satisfy  the  assumptions  of  the  proposition.  Let  us  also  assume  that  u  is 
smooth  and  strictly  positive  (so  that,  in  particular,  u®- 1  is  smooth). 

We  will  indicate  later  how  to  get  rid  of  this  extra  assumption. 

Let  4  e  Cg(»N).  *  >  0.  Then 

4(*u)“-1  -  *“-1duB_1  ♦  2  V^’Vu"-1  ♦  u"-1^®-1 


and  by  (1.26) 

(1.37)  Mtu)"-1  >  -A*®-1  +  2  vV“"1Vu"-1  ♦  u^A*"-1  . 

We  will  only  use  iHx)  •  ♦(x/R)  for  R  >  0  with  ♦  as  in  (1.24).  In  this  case 

Q  *  w  at- 1 

♦  e  Cg(K  )  for  every  9  >  0,  so  the  regularity  of  v  is  not  in  question.  Moreover, 

one  easily  checks  that 

lim  ♦<x)p”2 | A$(x) j  +  ♦(x)p”3|V$(x)|2  »  0 
I  x  |  ♦  2 

for  all  p  >  1  and  hence 
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(1.38) 


Now,  multiply  (1.37)  by 


(1.39) 


■♦P"2IA*1  +  ♦P'3|V*|2I  <  c  <  *-  . 

X.  <■:  >  p 

<*u)p  where  p  >  1  and  integrate  to  find 
7{*u)pV«>u)*'1  <  A  J  VB*"1'fpup 

-  2  /  (*»)PV*a~1?*a~'  -  J  (^uIV’aV1  . 


He  rewrite  the  various  terns.  One  has 
(1.40)  / 


&£!'*  I  lv(*u)  2 

(n-H-p)2 


2 


/  (*u)pv*®',7»--1  -  -iail?2-  /  7*b-1+P7u“‘1+p 
(m-1+p) 


.  _  (»-i>2  ;  u»-i+p  4<i“-i+p 

(m-1+p)2 

-  -  /  um_1(u«)pC(n-2-»p)H-B"3|Vl))|2  +  *“"2A*)  . 

Now  we  put  i|>(x)  «  ♦  ( x/R)  in  (1.39),  (1.40),  (1.41),  we  use  (1.38)  and  the  fact  that 
A4®-1  is  bounded  to  obtain 


(1.42) 


/  |V(*(|)U) 


•n-1  2 
2 


<  cp(A  / 


(♦(f)u)p  +  ~  J  (♦(£>u)V"1] 

R  R2  R 


where  c  is  a  constant  independent  of  p  and  R 
fix  r  <  1  and  let 


lul 


(1.43) 


A  “  sup 


n-1 

X,-(BR) 


R>r  R 


Then,  (1.42),  (1.43)  yield,  with  a  new  constant, 

p+n-1  2 

J  |7(»(|)u) 


(1.44) 


<  cp(A+A)  /  (♦(^)u)p  for  R  *  r 


Due  to  the  use  of  Sobolev's  inequalities,  our  proof  will  now  depend  on  the  dimension 
N.  Let  us  assume  first  that  N  >  3.  Then 
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p+m-1  2 

/  |7(4(|)u)  2  I  >  c {/  (♦(|)u)2 


(1.45)  J  |7<*(|)u)  I  >  c{/  (♦(|)u)‘  J 

where  2*  -  2N/(N-2).  Coabining  (X.4S)  with  (1.44)  leads  to 


(1.46)  if  (♦(|)u]  sP+b]1/*  <  cp(A+A)  /  [♦(jj)u]P  , 

where 

(1.47)  a  -  2*/2  -  N/(N-2)  ,  b  -  s(a-1)  -  <b-1)N/(N-2)  . 

Multiplying  (1.46)  by  R  ^ (p+»"1 )  (where  Y  >  0  will  be  diacueaed  shortly),  and  taking 
sth  powers  one  finds 

<,'48)  I  <  c^pVA^)8^--  /  (♦<f>u]p]»  . 


Define 


(1.49)  / 


p0  "  pk+1  “  ,pk  '  b  ,or  k  ‘  0<1 . 


pk  pk 

flk  “  «  r -  9fe  *  or  k  -  0,1, 

V^1  k  pk+1  k 


I  a^  »  sup  ■  r1  ■  /  (♦'“Ju)  k  for  k  -  0,1, 
v  R>r  R  kpk 


Now  put  p  •  {^,  Y  ■  8^^  in  (1.48)  and  take  the  euprenun  over  R  >  r  in  the  result  to 
obtain 
(1.50) 

Iterating  (1.49)  yields 


Vi  4  c*pk(A+M*ak 


or 

(1.51) 

where 


(1.52) 


Vi  4  lc(A+A)1 


s+s  + 


2 _  k+1  2 

+s  _s  s 


k+1  k+1 


pkpk-r,,po  '“o’ 


Vpk+,  »k  8 

(ak+1)  <  (c(A+a) ]  *  Mk(aQ)  * 


S+S2+*  *  *  +8k*^ 


k+1 


.  2  k+1  1/p^.. 

(  \  ■  •**  pJJ  ) 


v  k 


a  k+1. 
8,.  -  »  /p. 


k+1 
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and  by  (1.47),  (1.49) 

(1.53)  P]{+1  -  apk  +  b  -  s*+1  +  (m-1)  (slt+1  ♦  sk+***+s)  . 

From  (1.52),  (1.53),  (1.49)  one  easily  deduce* 


(1.54) 


11m  a. 


k  m*-1  N(m-1 )+2 


A  , 


Urn  0  -  5STl  .  - ? - , 

y+m  *  «_1  N(m-1)+2  N  ' 


lim  sup  M.  <  “  , 

k*« 

*k  2  2 
lim  e,_  -  lim  —  (~=-  +  »)-_£-  . 

x  k+-  11  k+*  pk  “"1  B'1 

Using  this  information  in  (1.51)  and  recalling  (1.49),  we  conclude  that,  with  a  new  c, 

■Jj-  .  «  oU*»/lu|’V" 

-'V 

for  R  >  r.  Remembering  (1.43)  this  gives 

1 


r"'1  «  c(A+a)X  |u|*X/N 


(1.55) 

Finally,  we  analyze  this  implicit  inequality. 

Lemma  1.3.  Let  0  <  0  <  a  and  A,  A,  l  >  0  satisfy 

(1.56)  A°  <  L( A  +  A)®  . 

Then  there  is  a  constant  K  depending  only  on  a,  6  such  that 

(1.57)  A  <  K(A®/0  l,/8  t-  i1/10-8*)  . 

Proof.  Assume  A  >  A.  Then 


A3  <  L(A  +  A)8  4  2®  L  A8 


and 


A  4  (A),/la-8) 


If  A  4  A,  then  A°  <  2®  L  A®  and 


A  4  2®/a  LVa  A®/a  , 


whence  the  result. 
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Using  the  luni/  (1.55)  implies,  with  a  new  c. 


2l lm-1 ) 


A  *  C [A^ 2  ,u,r  * 


i  ,  a- 1 , 

+  l«lr  1  . 


and  we  have  (1.27)  when  N  >  3. 

For  H  -  2,  we  start  from  (1.44)  and  proceed  as  follows:  By  the  inequality 
,vl  h  <  c,7vl  1  m  '  1*  ‘  m  '  2  for  "  ‘  2  • 

L1  <*N)  l1  (mN)  N  1 


applied  to  v8,  8  >  1  and  Holder's  inequality  we  have 


lval  <  c  /  |Vva|  *  cs  J  <  cs (/  v2<-1>)1/2(/  |Vv|2) 

L1  (*N) 


2'\1/2 


_  f  2s 

/  IVvl2  >  - - i-X- - 

J  ,2  /  y2  ( s- 1 ) 


p»a-1 

Apply  this  with  v  “  (♦(“ )u)  2  in  (1.44)  to  obtain 

R 

/  [♦(§>u],(**-1)  4  c.2p( A  ♦  A)[/  (♦(S)„,PH/  (♦<*>»> . 
Choose  s  "  1  +  ,p  . ,  so  that  a(p+m-1 )  -  2p+m-1  and  the  above  inequality  becomes 

P+O—  I 


/  (♦(|)u)2p+nl'1  <  cs2p(A  +  A)  [/  (♦(|)u)Pl2 


or,  with  a  new  constant, 

(1.58) 

This  is  treated  analogously  to  (1.46).  If  we  set 


(/  (♦(2)u)2p+"-1)1/2  <  cpV2/TTT/  (♦(i)u)p 


(1.59) 


then,  by  (1.58), 


p0  “  pk+1  "  2pk  +  ■  'I  **  *  0 

2  Pk 

en  -  -=7  +  2,  e  -  2  — —  e 

0  m-1  k+1  Pj^,  k 


av  -  sup  ■  0-~„  ■  /  (♦(f)u)  * 
R 


"*  R>r  „Vk  # 


Vi  4  °2pklA  +  *>\ 
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This  relation  is  similar  to  (1.50)  where  s  is  replaced  by  2  and  we  obtain  in  the  same 


way 
(1.60) 
where  ( 


V  A 


a  Pk+1  <  c(/A  +  *)  *(a  ) 
k+1  0 


see  (1.52)  -  (1.54)) 


11m  a  ■  lim 
k+~  *  k*«  pk+1 


2+22+i-il2’|*l  2 


lim  6  -  lim  2k+1/p 

lr+m  k-*» 


£  *fc  "  £  2*C9o/Pk  ■  ^ 


After  letting  k  tend  to  •  in  (1.60),  we  have 

1  J. 

A-"1  <  c( A  +  A)V"  |u|“ 

which  is  exactly  (1.55)  with  N  »  2  (recall  that  then  A  -  (B_i )2+2  “  m* ' 
completed  as  in  the  case  N  >  3. 

Por  H  ■  1.  we  use  only  one  step  starting  from  the  embedding 

Ivl  m  <  cIVvl 

L  (*)  L  (E) 

For  all  s  >  1,  we  have 

lv®l  .  <  c  /  | Vv® |  4  cs  (/  v2(-1))1/2(/  |Vv|2)Vi  , 

L  (R) 

p+a-1 

Me  use  this  in  (1.44)  with  v  ”  (♦(j)u)  2  and  p  »  1  to  obtain 

'♦(f)ul“  <  cs2(A  +  A)  (/  (♦(f)ulB<-1,)(/  <Mf)u)  . 


L  <R) 


Now  choose  s  »  1  +  —  and  this  becomes 

B 

.x.  -m+1  ,  .  . .  tr  „x,_|2 


(1.61) 


.  <  c( A  +  A)  (/  ♦(f)u)i 

L  (*) 


Me  multiply  this  inequality  by  R 


-2  (~y  ♦  1) 


take  the  supremum  over  R 


The  proof  is 


*  r  and  obtain 
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m+1 


1  1  2 
A  <  c(A  +  A)  ] u |  , 

which  is  exactly  (1.55)  when  N  •  1  (then  1  •  —77) 

To  complete  the  proof  of  Proposition  1.1.  we  now  indicate  how  to  drop  the  assumption 
that  u  is  smooth  and  positive.  If  u  satisfies  the  assumption  of  Proposition  1.1,  we 
introduce  v£  >  0  defined  by  v^-1  “  P£*  u®* 1  ♦  e  where  P£  is  a  standard  mollifier 
and  *  denotes  the  convolution  in  ***.  Then  v£  is  bounded,  smooth,  positive  and 

Av™  ^  -  p^*  Au™""^  >  -A  . 

Hence  above  computations  are  valid  with  v£  in  place  of  u.  Since  v£  converges  a.e. 
to  u  when  e  tends  to  0  and  is  uniformly  locally  bounded,  passing  to  the  limit  in 
(1.46)  -  written  with  ve  in  place  of  u  -  yields  (1.46)  for  u  itself  (one  easily  checks 

m 

that  A(v£)  converges  to  A(u)  when  u  «  L  (S  )).  The  computations  coming  after  (1.46) 
do  not  require  any  smoothness  of  u  so  that  one  can  complete  the  proof  exactly  as 
above  for  H  >  3.  If  N  -  2,1,  we  may  pass  to  the  limit  in  (1.58)  and  (1.61)  as  a  ♦  0, 
etc. 

Remarks  on  Proposition  1.3.  H.  Brezis  and  others  suggested  that  this  result  might 
correspond  to  a  simple  interior  estimate.  In  fact,  this  is  the  case.  For  example,  if 


Lu  "  -(a, ,(x)u  ) „  is  a  divergence  form  uniformly  elliptic  operator  with  coefficients  in 

*i  j 

L  (B2r)  and  u  >  0  satisfies  Lu  <  f  in  B2R  where  f  e  Lp(B2r)  with  p  >  N/2,  then 


lul  .  <  c(lfl 


L  (Br) 


*  (B2R> 


L  <B2R> 


L  <B2R> 


where  C  depends  suitably  on  the  coefficients  of  L,  p  and  pQ  >  0  and  a  - 
Np/(p„(2p-N)  +  Np). 
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Proposition  1.3  follows  easily.  The  proof  of  this  result  can  be  given  using  standard 
results  and  methods  of  Moser,  etc.  This  will  be  done  in  generality  (i.e.,  in  the  parabolic 
case  with  lower  order  terms,  etc.)  elsewhere. 

Proof  of  Corollary  1 . 1 

Let  Ug  e  Xg  and  define  uQn  as  in  (1.22).  Then,  for  all  r  >  0, 

(1.62)  lim  lu.  -  u.l  “  0 

n-  0n  °  r 

2 

Indeed,  if  Y  -  — r  ♦  N,  then  for  all  r  <  R  and  r  <  r.  we  have 
m- 1  u 

^{|x|<R}*u0  "  U0n'  *  ^{|x|<rfl}'u0  ”  U0n'  +  2  ^  {r0<  |x  |  <r}  'u0  * 1  * 

Taking  the  supremum  over  R  >  r  with  r,  rQ  fixed  yields 

lu.  -  u  I  <  ,|u.  -  u.  |  +  2lu.l 

On  0  r  ■'{|x|<rg}  0  On  0  r0 

so  that  ( see  (1.22)) 

lim  sup  lu  -  u  I  <  2 I ug I  . 

n-*»  v“  *  0 

Since  lim  lu  I  »  0,  we  obtain  (1,62). 

V*  r° 

Now,  S(-,Ugn)  e  C([0,-)»  L1 (*N) )  c“*  C( (0,“)i  X).  By  (1.62)  and  the  estimate  (1.10) 

of  Theorem  E,  S(*,Ugn)  is  a  Cauchy  sequence  in  C( [0,Tr(u0 ) ) »  X)  for  all  r  >  0.  Since 

lim  T  (u.)  -  +•*,  0(*,u.),  obtained  as  the  limit  of  S(’,u.  ),  is  defined  on  [0,“)  and 
rt-  r  0  0  On 

belongs  to  C((0,")j  X). 

Since  Xg  is  closed  in  X  (see  Appendix),  u(t)  e  XQ  for  all  t  *  0.  The  more 
precise  estimate  (1.14)  comes  from  (1.6),  (1.12). 

Theorem  E  asserts  the  existence  of  a  solution  u(t)  of  (IVP)  for  Ug  e  X  and  claims 
at  the  same  time  that  - ,  ,, — tt  S  L  (R11)  for  t  e  (0,T(un)).  The  next  result  shows 

<1*|x|V/<“-1)  ° 

cm 

that  this  L  -estimate  can  be  improved  when  uQ  is  further  restricted.  The  proof 
requires  only  small  changes  in  the  arguments  above. 

For  u  e  ( 0 , 1 ] ,  we  set 
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(1.63) 


1 


,f'r.U  *  !“P  —I 


R>r  g( — r  +N)  R 
R  »-1 


/B  1*1  . 


so  that  1*1  “  1*1  , .  Set 

r  r,  1 


XW  «  {f  e  l]  (RN);  Ifl  <  »  for  some  r  >  0}  . 

loc  r  ,li 


Obviously  X  c  X  for  all  u  e  (0,1). 

Proposition  1.5.  Let  P  e  (0,1)  and  u.  e  XW.  Then 


(1.65) 

Moreover,  if 

(1.66) 

then 


0(t'W(m-i>  e  L  (t  1  for  0  < 


T  (u„)  “  c,/lu  I 
r,u  0  1  o  r,p 


(1.67) 


for  R  >  r  >  1  and  0  <  t  <  ^  ( u^ ) 


,U<t'Uo,,L-« 


2P/(m-1 ) 


V  ,  c2  ,  ,2 X/N 

—  «  -T  ,u«*  *  * 


A  '“0  r.p  '  (m-1)N+2  ' 


and  the  estimates  (1.8),  (1.10)  in  Theorem  E  are  valid  with  1*1  in  place  of  1*1  , 

r,p  r 

M  in  place  of  T^  and  the  constants  Cj ,  c2»  c3  can  be  chosen  independent  of 
P  6  (0, 1J . 

Proof.  He  merely  consent  on  the  changes  in  the  proof  of  Theorem  E  necessary  to  pro** 
Proposition  1.5.  Proposition  1.3  remains  correct  if  (1.27)  is  replaced  by 


(1.27)’ 


■—  lul81"1 

2p 


L  <Br> 


<  k(  A' 


A(m-1) 


!u| 


2A(a-1) 

N 

r,P 


■o 


and 


M 


r,W 


(1.43)' 
and  use 


is  defined  in  the  obvious  way  (see  (1.25)). 


Iu«" 


sup 

R>r 


L  (V 


Indeed,  put 
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lul 


\  /  (♦(f)u)P  u”-1  <  2 
R2  R 


2U 


B-1 


( 2R) 


2  li 


rrr^JT  J  J 


<  c  Ay  /  <*<*)u)P 


for  R  >  r  >  1  to  conclude 


(1.46)'  (/  (♦(^)u)Sp+b}1/4  <  c  p  (A  +  Ay>  /  (*(*)u)P  . 

Then  put  9  “  U(— ~  ♦  N)  In  (1.49),  so  8  ♦  g  — .  The  result  will  be  (1.55)  with  A, 

0  B“  1  X  tt-  1 

I u |  replaced  by  A.  lul  . 

*■  h  r  $  u 

Hext,  we  90  back  to  (1.28)  which  is  valid  with  g(t)  ■  |u(t)!r  ^  and  c  independent 
of  g  e  (0,1].  Combining  with  (1.6),  we  first  obtain  that 


(1.68) 


g(t)  <  g(0)  e 


ct ,u0lr>t 


21/N 


which  proves  that  |u(t)lr  y  remaine  uniformly  bounded  on  [0,Tr(u0)>.  Then,  replace  A 

by  A^ ,  1*1^  by  |*lr  y  in  all  the  computations  (1.28)  -  (1.36)  and  ubc  (1.27)'  instead 

of  (1.27)  to  obtain  (1.67).  The  modified  (1.8),  (1.10)  are  obtained  in  a  similar  way. 

In  general,  T  (u  )  <  T  (u  )  for  g  8  (0,1)  so  that  (1.67)  does  not  directly  prove 
0  r  0 

that  - ^  - —  remains  bounded  for  t  8  (0,T_(un)).  But  for  this  one  can  use 

(1+|x|2)U/<“-n 
(1.68)  and  (1.27)’. 


To  complete  the  proof,  observe  that 

xM  =  xQ  for  g  e  (0,1) 


whence 


lim  T  (u. ) 

.  r  0 
r+“ 


Remark  8.  In  Proposition  1.5  we  have  excluded  the  case  g  «  0.  Note  that  the  definition 
(1.63)  with  g  »  0  would  lead  to 


Ifl 


r,0 


Ifl 


l\rN> 


Vr  >  0 


and  the  conclusions  of  the  proposition  are  in  fact  true  with  g  «  0  ( it  is  well-known  that 
uQ  e  L 1 ( *N )  ”=>  u(t)  e  L  (*N),  see  (5),  (131).  But  this  is  not  the  natural  limiting  case, 
which  is  in  fact  the  result  stated  next.  It  provides  a  sufficient  condition  on  Up  (much 
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more  general  than  ufl  8  L1^))  guaranteeing  U(t,uQ)  e  L  (RN>  for  all  t  >  0.  Moreover 
thia  condition  on  Ug  ia  neceaaary  by  the  results  of  [2). 

Proposition  1.3.  Let  Ug  8  L^^tl?*)  satisfy 

(1.69)  SUPN  /B(t#1)  lUgf  *  lUglg  <  -  , 


where  B(x,1)  -  {x  e  RS|  |x-z|  <  l).  Then 


(1.70) 


.2  A/M 


•«<t.Ug).  .  N  <  T  'Vo  +  C,,“o'o  f°r  fc  >  0 
L  (B  )  t 


where  c#  c*  depend  only  on  N  and  ®e 

Proof.  Again  the  proof  is  obtained  by  slightly  modifying  the  proof  of  Theorem  E.  First, 

Proposition  (1.1)  remains  true  if  (1.27)  is  replaced  by 

2X(m-1) 

<  K(AX(*"1>lul#  N  ♦  ,ul^1)  • 


(1.27)" 

1  I*"1 

lul  -  N 

L  (R  ) 

Indeed  put 

♦  <*)  -  ♦^(x)  -  ♦(x-z) 

(1.42)" 

P+St-1 

J  |^(X>  2  1 

and  (1.44) 

by 

(1.44)" 

I  |v*z(x) 

where 

tm-1 


I  (x)  2  !  <  cp(A  +  Ag)  /  (♦z(x)u)P  , 


•  .“"I 

A0  “  ,U'  -  N  * 

L  (R  ) 

For  N  >  3  we  use  Sobolev's  inequality  to  obtain 

(1.48)"  /  (♦l(x)u)*p+b  <  c 8pS t A  +  Ag)S[/  (^(xJu)1*)' 

with  s,  b  defined  as  in  (1.47).  Then  set 

p0  “  1  Pk+1  “  PkB  *  b 


a^  “  sup„  /  (♦,<*>“> 

z€R 

and  finish  as  in  the  proof  of  Theorem  E  to  obtain  (1*27)"  by  noticing  that 
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lul" 


8 Up  lul 
_N 


a-1 


<  c  lin  sup  (a^) 


1 .’(rf1)  z«»"  L  (B( z, 2 ) )  k** 

Next  we  90  beck  to  (1.28)  end  modify  the  arguments  to  obtain 


g(t)  <  g(0)  t  J*  lul”^1  g(t)dt 
L  (*K) 


with  g(t)  «  lu(t)lQ.  Obviously  adaptations  of  the  rest  of  the  proof  of  Theorem  E  lead  to 

(1.70)  with  c*  »  0  but  for  t  e  (0,Cj/IUgl0  ).  To  complete  the  proof,  one  uses  that 

t  ♦  lU(t,un)l  is  nonincreasing,  so  that 

0  L  <*N> 


21 


V  t  >  0,  l(f(t,u0)l  „  „  <  +  %)  »u0l"  ,  tQ  -  c/IuqI 

L  (R  )  t  tQ 


m-1 

0 


which  yields  (1.70)  with  c*  ”  c/c^ . 

Our  last  existence  result  concerns  (IVP)  when  the  initial  datum  is  a  Radon  measure  u 
on  tf*  satisfying 
(1.71)  sup 


1 


R>r  -=-  +n 
R-1 


lul  (B  )  -  lul,  <  “  for  r  >  1 
k  r 


where  | u |  is  the  variation  of  u .  Ha  set 

t(U)  “  lim  lyl 
rt-  r 

Proposition  1.6.  Let  U  be  a  Radon  measure  on  1 f*  satisfying  (1.71)  and  c^  c2,  c3  the 
constants  of  Theorem  1.1.  Then  there  is  a  function  u(x,t)  defined  for 
0  <  t  <  T(U)  “  c^/ttu)®”1  such  that 
luC,t)l  . 

r  1  h  <BrI  '  ° 2  l„l2A/N 

U)  R2/(m-ij  —  ‘  ^  ,U'r 


for  R  >  r  >  1,  0  <  t  <  Tr(u)  -  c1/,W,r 


m-1 


(b)  lt“  uC,t)l  e  C((0,T(U))I  Ljoc<R**) ) 


(c)  lu(*,t)lr  <  °3,,l*r  f°r  0  *  t  <  Tf(u) 
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<d)  For  *  e  c"(«Nx  [0,T(|i))> 

fg{U>  !  (u*t  +  lul-’u  A*>  -  /  )du  (x)  . 

Proof .  First  observe  tht  (a),  (b),  (c)  imply  that  u(x,t)  is  a  measurable,  locally  bounded 
function  on  RN  *  (O.TCu) )  such  that,  for  0  e  CQ(E.N)  with  0(x)  -  0  on  {jx|  >  R  >  r) 
and  9  >  0 


(1.72) 


2  X ( m- 1 ) 

/*  /  lu|"e  <  m.cJ’Viui  N  /  Iu(x,t)| 

R 


dT 

TX(m-1) 


<  I 


91,.  c(r)  im*  t-2i/N 


2X(m-1) 


♦  1 


Hence  (d)  makes  sense. 

Now  let  p  -  P  *u  where  p  is  a  sequence  of  mollifiers  on  H».  Then  |i  e  X  and 
n  n  n  n 

lnnlr  converges  to  lpl f  for  all  r  >  0.  Theorem  E  provides  existence  of  un(x,t)  » 

U(t,|i  )  satisfying  (a),  (b),  (c),  (d)  with  W  ,  u  in  place  of  U  and  u.  In 
n  n  n 

particular,  uu  1s  locally  bounded,  uniformly  in  n  on  iF  *  (0,T(U  )).  Then,  if  one  can 
"  n 

prove  that  a  subsequence  of  un  converges  a.e.  (x,t),  the  limit  u  will  satisfy  the 

conclusions  of  Proposition  1.4  ((d)  is  obtained  with  the  help  of  (1.72)  which  controls  the 

behavior  near  t  «  0).  This  a.e.  convergence  is  a  consequence  of  the  compactness  of  um 

n 

in  (0,T(Un) )  *  RN)  as  shown  by  the  following  remarks. 

Let  R  >  1  and  + (x)  -  ♦(^J  where  ♦  is  chosen  as  in  (1.24).  Then  multiplying 
(formally)  (IVP)  by  i|i  |u|m  ’u  (written  ♦  u“  for  simplicity)  gives 

/  *u\  -  /  *um6u”  =  -/  umV*Vum  -/  <t>  I  Vum  | 2 


-  j  /  u2Bi*  -  /  *|Vum|2  . 


He  deduce  for  0<s<t<T(W  ) 

n 


(1.73) 


^8  ^|x|<R)|7u“|2  4  2  /:  ^{|x|<2R}u2m  +  ^{|x|<2R}um+1(s) 
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which  proves  that  is  uniformly  bounded  in  x  (Q#T(Un)))e  Then  we  multiply 

/  4>(um)tut  -  -J  (u”)t  Vu^  -  /  *  Vum7(u®)t  . 

(1.74,  /  *<u“)tUt  ♦hJ  /  ♦(Vu-I2  <  '^2'L-(RN)(/{|x|<2R>l’“B,|2iV2(/  ♦llu1)/)1 


( I  VP)  by  Mu  )  and  obtain 


This  implies 


1 1/2 


where 

(1.75) 


I-O-I 

1/2 


L  (r") 


<  c(R)  <  • 


by  (1.3S)  applied  with  p  -  2.  Now  we  remark  that 


(1.76, 


/  *l(u*)  l2  <  mlu“‘1<t)l  _  /  *(u“).u.  . 

L  <B2R> 


He  uaa  (1.74),  (1.76),  (1.73)  to  obtain 

(1.77)  a(t)2  +  0(t,  I-  /  *|VU“|2  <  c(R)C(t)a(t)  (/_  I Vu“(t) | 2 j 1/2  , 

3t  ®2R 


rhere  we  set  a(t)  -  [/  ♦((u")J2]  1/2,  0<t)  -  f  lu’^’ttjl  „ 

2  ‘  '•a1 

x2  +  y  <  ox  “>  y  <  j-  . 


But 


Thus ,  (1.77)  implies 

Jr  /  *l’u"|2  <  2^-  «(t)  J  |Vu"(t)|2  . 

2R 

__  m  » 

Coupled  with  (1.73),  this  proves  that  Vu  is  uniformly  bounded  in  L#  ((0#T(y  )); 

n  toe  n 

L2(Br),  for  all  R  >  0.  He  use  this  In  (1.77)  to  obtain 

a2(0)d0  <  c(R,t,s)  <  +«  for  0  <  s  <  t  <  T(wn>  . 

Finally,  we  have  proved  that  um,  Vumi  (um>  are  bounded  In  L? _ (RN  *  (0,T(w  ))) 

n  n  n  t  toe  n 

uniformly  In  n.  This  yields  the  compactness  needed  for  un  and  completes  the  proof  of 
Proposition  1.4  -  provided  the  above  computations  are  justified.  He  leave  this  last  task 
to  the  reader. 


-29- 


Section  2 ;  Uniqueness 

He  shell  use  the  notetlon  of  section  1. 

Theorssi  U.  Let  T  >  0  end  u  :  RN  x  [0,T]  *  R  satisfying 
(i)  uecdo.Ui  lJoc(rn))  n  l’(0,I|X)  , 

(il)  ve  >  0,  e  l"(RN  *  [e.TD  . 

(ill)  ut  -  d|u|“"1u  in  P*(RN  X  <0,T))  . 

Then 

u(t)  «  U(t,u(0))  for  0  <  t  *  min(T,T( u(0 ) ) ) 
He  begin  by  proving  a  weaker  uniqueness  result,  namely: 
Proposition  2.1.  Let  T  >  0  and  u,  v  satisfy 


(1) 

U,  V  e  C([0,T]|  lJ^ 

(RN)). 

(it) 

uPl/(m-1)'  Vp1/(m-1) 

e  l"(rn  x  to ,t] >  , 

(ill) 

Ut  -  d |u|*”'u  »  V  - 

Alvl^’v  in  PMr"  x  (0,T) ) 

(lv) 

(u-v) (0)  -  0  . 

u  «•  V. 

Remark  1.  Proposition  2.1  has  been  proved  in  the  case  N  -  1  by  Kalashnikov  in  [8]  with 
the  extra  assumption  that  u,  v  are  continuous.  He  use  similar  methods  here.  All  the 
other  uniqueness  results  that  have  been  obtained  for  (IVP)  deal  with  initial  data  which  do 
not  grow  when  |x|  *  "  (see  [8],  (101,  (11),  [12],  [14]).  Theorem  U  recovers  all  of 
them  but  those  dealing  with  initial  data  which  are  measures  (see  [10],  [12]). 

Proof  of  Proposition  2.1.  It  suffices  to  prove  u(T)  »  v(T).  For  simplicity  we  will 
write  u*  in  place  of  |u|B-1u.  As  a  consequence  of  (ill),  (iv),  for  all 
♦  e  c'df1  «  [0,T] )  we  have 

Jp  /  (u-v)^  +  <u“  -  v")4f  »  /  (u-v)(T)t(T) 

If  we  set 


a(x,t) 


uM(x.t)-v*(x,t) 

u(x,t)-v(x,t) 

m-1 

au  (x, t) 


if  u(x,t)  ^  v(x,t) 
if  ufx,t>  «  v(x,t) 


the  above  equality  becomes 
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(2.1) 


J*  /  (u-v)(tt  ♦  ad*!  -  /  (u-v)(T!*(T)  . 

Now  let  Rg  >  0  be  fixed  end 

e  e  c\«M  *  [0#T]  ) ,  a  >  0,  n  -  1,2, 

)  ~ 

(2.2) 

9  e  C* ( ) ,  0  <  9  <  1,  9(X)  -  0  for  I  *  I  >  RQ) 


Let  R  >  R„  +  1  and  ♦  be  a  eolution  of 
w  n 


C  1)1  ♦  a  A*  -  0  in  0  <  t  <  T,  |x|  <  R  , 

1  nt  n  n 


(2.3) 


rn| 


|x|-R 


0  , 


♦  (x,T)  »  9(x)  . 

A 


Finally,  let  0  <  e  <  ^  and 

r 


(2.4) 


♦e  e  cq(bm),  o  <  9e  <  i  , 

»  1  on  { | x|  <  R-2c),  ■  0  on  {|x|  >  R-e)  , 


"V  -  «  f  •  “V  -  4  H 

L  Li  t 


Now 


put  ♦  -  in  (2.1)  to  get  (recall  a(u-v)  -  u“  -  v"1) 

«  n 


(2.5) 


/;  /  <«-v>V.-V**n  +  /o  l  <uV)(2f*eV*n  +  W 

•  /  (u-v) (T)9  . 


He 


denote  the  firat  and  second  integrals  above  by  ln£,  Jn{.  respectively.  Next  estimate 


J  ,  using  (2.4) i 
¥16 


|jne*  *  c  Jo  /{R-2e<,x,<R,luB-vB,(  e"  +  .2  ^  ‘ 


.I’f-I  l*Dl. 

T2 


Since  *  -0  on  { |x|  -  R> 

n 


sup 

R-26<|x|<R 

0<t<T 


|(i  (x,t)|  4  e  sup  |V*  (x,t)  | 
"  R-26< | x | <R 

0<t<T 
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and 


3* 

U»  (  sup  |  V*  (x,t>  I )  -  sup  |  V*  (x,t)  |  -  sup 
e+0  R-2e<|x|<R  |x|»R  I  x  |“R 

0<t<T  0<t<T  0<t<T 

3*„ 

where  yj-  denotes  the  normal  derivative  of  1>n  on  the  sphere  { | x  | 


J  «  lim  sup  0  <  c*RN  1#(  sup  | -rrp  (x,t)|)*llm  sup  I 

e+o  |x|-R  eto  R-2e<|x|<R 

0<t<T  0<t<T 


and,  using  (11), 


(2.6) 


J 

n 


N-1+ 
<  C  R 


2m 

m-1 


(  sup 
|x|-R 
0<t<T 


3* 

ij^r  <*•*>!)  • 


For  I  ,  we  have 
nt 


(2.7) 


<a-a  ) 


2  1/2 


rne  <  *n  ’  ^  A|x|<r}‘«-v»2  /  *n»AV 


3*„ 

Let  us  now  estimate  sup  It-—  (x,t)|.  Resume  we  have  chosen  a 
lx|-R 
0<t<T 

(2.8)  a  (x,t)  <  K( 1  +  |x|2)  for  0  <  t  <  T,  x  e  . 

n 

For  reasons  which  will  become  apparent,  let  a,  8  be  such  that 


(2.9) 

8  >  £1  *  JL 

2  m-1 

and 

(2.10) 

a  >  4NK6(8+1)  . 

Set 

a(T-t) 

*<x,t)  - - -  o 

(U|x|2)8 

Then 


-32- 


k. 


(s,t)|  , 


»  r}.  Hence 

J  -V  |  (  X  ,  t )  , 


n  such  that 


| a  6*|  <  K(1  +  |*|  )e 
n 


<  4NKB(0+D*  . 


2.  a(T-t)  i  -2BN  ^  4B(B+1 )  |x| 


'(H-|x|2)B'*1  (U|x|2)B+2l 


Since  *t  •  -a*,  by  (2.10)  and  above  inequality 


*  ♦  a  6*  <  o  . 

t  n 


Thua,  if  we  now  choose  1  so  that 

(2.11) 


*  <x,T)  -  9 (x)  <  - r~£  -  A  *(T),  I x |  <  R  , 

n  <U|X|2)6 


by  the  maxiaun  principle  we  will  have 

(2.12)  X*  >  *  for  0  <  t  <  T,  | x |  <  R  , 

n 

which  provides  a  first  estimate  for  *  *  Note  that  (2.11)  is  satisfied  if 

n 

X  -  iei„(i  +  B2)®  . 

Let  us  now  construct  a  function  g  on  the  set  {(x,t)i  R-1  <  |x|  <  R,  0  <  t  <  t) 
such  that 

(2.13)  g  >  *n  “nd  “  9  for  |x|  -  R,  0  <  t  <  T  . 

By  (2.3),  (2.13)  we  will  then  have 


3^  (g  -  *n)(x,t)  <  0  for  |x|  »  R,  0  <  t  <  t 
3* 


and  hence  (recall  that  <  0) 


(2.14) 


3*  3 

■up  'iv21  <  8“P  <x»t)|  . 

|x|-R  |x|-R 

0<t<T  0<t<T 


If  N  >  3,  let  g,  which  is  independent  of  t,  be  defined  by 


9(  x,t) 


1*1 


+  e  -  g(x) 


where  e,  d  satisfy 


(2.15) 


(R-1) 


N-2 


X,” 

(1+(R-1)2)8 


e 


0  . 


-33- 


Note  that  Ag  «  0  on  {r-1<|x|<r}.  Moreover,  by  <2.12),  (2.15),  (2.3) 


g( x)  >  (x,t)  for  |x|  «  R-1,  0  <  t  <  T  , 

n 

g(x)  >  ♦  (x,T)  -  0  for  R-1  <  |x|  <  R  , 
n 

0  «  g(x)  ■  *  <x,t)  for  |x|  -  R,  0  <  t  <  T  . 
n 

Therefore  (2.13)  holds  by  maximum  principle  end  so  does  (2.14).  It  remains  to  estimate 


3q 

^  (X) 


( 2-N )  d 
_N-1 


2-N 

N-1 


orr 


(1+(R-1)2)® 


r — ! - l—i 

(R-1)N_2  p"’2 


-1 


Hence 


(2.16) 

where  c  does  not  depend  on 
N  -  2  and  g(x)  -  d|x|  +  e 
(2.14),  we  have 

(2.17) 


!v  <X>  *  ~2$  tar  1*1  "  R  * 

R 

R  >  2.  The  same  computations  with  g(x)  -  din|x|  +  e  if 
if  N-1  lead  to  the  same  estimate  (2.16).  Combining  with 


3* 

,up  iTv  (x't)l  *  ~fs  • 

|x|-R  3V  R28 

0<t<T 


Going  back  to  (2.6),  we  obtain 

*-’♦  “TT  -28 

(2.18)  J  <  CR 

n 

where  c  depends  only  on  a,  N,  8,  Rg  and  K  defined  in  (2.8). 

To  estimate  I  .  multiply  the  equation  in  (2.3)  by  Af  and  integrate  to  obtain 
n  n 

~  /  |V*n(0)|2  ♦  Jj  /  aJA*#|2  -  j  /  |W|2  - 

Thus  (see  2.7) 


(2.19) 


Xn  <  C(R>  /{(x^Rj-V^1 


2  1/2 


Let  us  choose  a  “  a*P  +  —  where  a  is  the  extension  by  0  of 
n  n  n  M 


a  to  It  *  R  and 


P  a  sequence  of  mollifiers  in  R  *  R**  such  that 


/{|x|«R}(-;*Pn>2  4  h  ’ 
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Then,  a_  satisfies  (2.2),  a  >  and  a„  satisfies  (2.8)  with 
*•  n  n  n 


K  “  1  +  B  Mx(ltt*  ^pl  m 

L  (r"*(0,T)) 


.  Iv  Pi 


L  <RN*(0,T)) 


which  is  finite  by  assumption.  Moreover 

,2  1/2 


(2.20) 


.  <*~*n>  )  <  /r  ,1  +  -  Sill 

0;(|x|«r)  a  1  Wn  ln  +  n  ] 

n  »n 


i  US 


Now,  for  R  fixed,  r  >  Rg  ♦  1,  we  let  n  tend  to  *  in  (2.6)  and  (2.7).  using 

(2.5),  (2.18),  (2.19),  (2.20),  we  obtain 

I /  (\»-V)(T)fl|  <  C  R°  ,  O  -  N-1  +  ^E-  _  26  . 

■“  1 

Letting  R  tend  to  "  and  using  (2.9)  finally  yield 

I /  (u-v)(T)9|  <  0  . 

Since  9  ta  arbitrary  we  deduce  u  ■  v. 

Proof  of  Theorem  U 

Let  u  satisfy  the  aasunptiona  of  Theorem  U.  By  Theorem  E  and  Proposition  2.1,  for 
all  e  >  0  small  enough 

(2.21)  u(t+c)  -  U(t,u(e>> 

for  all  0  <  t  <  min(T~e,T(u(e) ) ) .  Thanks  to  the  continuity  property  stated  in  Theorem  E, 

(1.9),  Theorem  U  will  be  proved  by  letting  e  go  to  0  in  (2. 21),  provided  one  can  show 

that  u(e)  converges  to  u(0)  in  L^ (PQ)  for  some  o  >  0  (note  that 

T  (u(0 ) )  >  lim  sup  T  (u(E))).  But,  by  (2.21)  and  Theorem  E 

r  e+o  r 

Oh- 1  C 

(2.22)  Is - -I  <  x  e  RN,  0  <  t  <  min(T*C,T,(u(e)))  , 

1+|x|2  1 

m 

where  c_  depends  on  lu(e)l  .  since  u  e  L  (0,T:X),  one  can  pass  to  the  limit  in  (2.22) 
and  obtain 


(2.23) 


JjiilL 


i  « 


c 

tX(m-1 ) 


35 


where  c  does  not  depend  on  e.  On  the  other  hand,  as  noticed  in  the  proof  of  the 

m 

estimates  (t.8),  (1.9),  for  all  ^  e  CQ(B  ),  *  >  0,  one  has 

/  *|U(t,u(e))|  <  /  d*|U(t,u(£))|m  on  (0,T(u(e)>> 
for  all  e  >  0  small.  By  (2.21)  this  gives 

^  /  V|u(t)|  <  /  A<i|u|m  for  t  e  (0,a),  a  >  0  and  small  . 

Thanks  to  (2.23),  we  may  integrate  this  up  to  0  and  get 

(2.24)  /  i|>|u(t)  I  <  /  ♦  |u(0 )  |  +  =  /g  -  ^  +  lxl2,l»»(1)l  . 

1  N 

Now  we  choose  a  >  1  +  — -  — .  By  Lemma  1 . 1 

1  2 

(2.25)  I ( 1+|x|2)u(t)I  m  f  clul  „  <  +-  . 

L  <0,T»  L  (Pa))  L  (O.TtX) 

We  put  *  -  pa0<"^')  in  <2«24)  where  9  e  CQ(R),  0(r)  “  1  for  r  e  t0,1]  and  we  let  n 
tend  to  ".  Thanks  to  (2.25)  we  obtain,  in  the  limit, 

(2.26)  /  Polu(t)|  <  /  Pa|u(0)|  ♦  cca  ll  -jg—  *  Po|u(T)1  ' 

2 

where  we  used  |Apal(1+|x|  )  «  capa"  Fro®  (2.26),  (2.25)  we  deduce 

lim  sup  /  P  |u(£)|  5  /  P  |u(0)|  . 

e+0 

Combine  this  with  Patou* s  lemma  and  one  obtains  that  /  P0lu(e)|  converges  to 
t  t  N 

J  Palu(0)|.  Since  u(£)  converges  to  u(0)  in  Ltoc(R  ),  by  Lebesgue's  theorem,  u(e) 
converges  to  u(0)  in  L  (Da>.  This  completes  the  proof  of  Theorem  0. 

Combining  Theorem  E  and  Theorem  U,  we  can  state 
Theorem  EU.  Let  uQ  e  X.  Then,  there  exists  T  e  (0,")  and  a  unique  maximally  defined 
solution  u  of 

(i)  uec((o,T);  l’oc(*n))  fl  Ljoc(|0,T),  X)  , 

(ii>  up1/(m-1)  e  Hoc^  K  <0*T,)  ' 

(iii)  ufc  »  A|u|m  ?u  in  P*(RN  x  (0  ,T) )  , 

(iV)  U(0)  "  Ug  . 

Moreover,  if  T  <  ", 


(a)  lim  lu(t)l 
t*T  r 


Vr  >  0 
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<b)  lin  lu“-1(t)Pl  „ 

t+T  L  <B  ) 


(c)  lim  /„  lu“~1(t)pl  „  -  *  . 

t+T  L  <R  ) 

Proof.  Clearly,  there  exists  a  maximally  defined  u  on  some  (Q,T)  with  properties 

(ii),  (iii),  (iv).  The  uniqueness  is  a  direct  consequence  of  Theorem  U. 

Assertion  (a)  must  hold,  for  if  there  is  a  sequence  of  times  t+T 

such  that  lu(t  )l  <  M  <  *,  we  can  define 
n  r 

{u(t)  ,  t  <  tn 

m-1 

U(t-t  ,  u(t  ))  ,  t  <  t  <  t  +  c./n 

n  n  n  n  t 

But  v  extends  u  past  T  for  large  n. 

Assertion  (b)  is  a  direct  consequence  of  (a).  The  last  assertion  follows  from  (1 
and  (a). 


(i) » 


.26) 
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Appendix  X 

Ha  begin  with  the  proof  of  Lemma  1.2. 
Proof  of  Lei— a  1.2.  For  (i),  let  f  e  X  and 


(A.1) 


r~*i  i 


_2_  "  { |x|<R} 

-1 


|f|  <  c  for  R  >  1  . 


Now  we  have 

(A. 2) 


1  <f|x|V  /{|X|<1)  /{|X|>1)  |x|2“ 


1  J_  f-  dR 

(x(2a  “  2a  '|x|  R2a+1  ' 


Thus  Fubini's  theorem  and  (A.1)  yield 


Wi>  *  ‘  k  /T  ;dbr  (/,<|X|<Ri«*)iox)« 


<  s-  r 

20  •'l 


m-1 


+N 


_2«+1 


dR  - 


40, «-  —  -  £> 


We  then  use  (A. 2)  to  obtain  X  c  l  (Pa>  with  continuous  embedding. 

To  prove  (ii),  observe  that  fn  +  f  in  LJoc<*N>  implies  that  for  R  >  r 


— - - Jr  ■  i*«ilf}  ^  lim  inf  — "■  —  //i  i.Bi  |f  I 

2  „  ■'{|x|«R}1  2  ...  1 1 x | <Rl  n1 

— ~  +N  n1*"  r  +n 

_m-1  _m-1 


<  lim  inf  If  I 
n*m  n  r 


and  the  result  follows  upon  talcing  the  supreme  over  R  >  r  in  this  inequality. 

The  next  result  is  used  in  Proposition  A.2  to  establish  the  equivalence  of  (0.3)  and 
(0.3)*  of  the  introduction. 
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1  H 

Proposition  A.1.  Let  *  e  R,  8,  4  »  0.  For  u  e  Ljjqc(*  ),  u  >  0, 


J(u)  -  sup  -sjrr  J, 


u(x) 


R>1  R9+2S  (|x|<R)  (U|x|2)A 


define 


Then,  there  exists  c1  «  c^S)  <  *  such  that 

(A. 3)  J(u)  <  c^lu)  . 

If  8  >  o,  there  exists  *  c2<4,8)  <  “  such  that 
(A. 4)  I(u)  <  CjJ(u)  . 

Proof. 

The  estimate  (A. 3)  follows  from  the  fact  that  for  R  >  1,  |x|  <  R, 


2  6 


1  ,  fJ+R  i 

-JS<  [~y) 


( 1+R  ) 


(1+|x|2)4 


It  is  sufficient  to  prove  (A. 4)  for  X  -  0  (then  apply  it  to  - u  ■  ?  instead  of 

<1+1*1  > 


u).  One  can  also  assume 

u(x) 

-  0 

for  |x|  <  t. 

Indeed  if  u  -  u, 

+  “2 

with 

r  ° 

if 

1*1 

<  1 

f  u(x) 

if 

1*1  <  1 

u  (x)  -  [ 

<  u(x) 

if 

1*1 

>  1 

'  i  . 

if 

|x|  >  1 

then 


and 


I(u)  <  Ku^  +  I(u2) 


"V  ‘W. 


u(x)  ■  J(u2)  <  J(u) 


<1+|*|)  C |x| <1} 

Thus  we  assume  1  •  0  and  u(x)  *>0  on  (|x|  <  1}.  We  use  that  for  all  R  >  0 


f  u (x)  -  1  r  tie  ,*0®  R24  , 

/  R  2  4  *  2~5  M1xI«r}U^X  <  4  r  5~ 5 

<|x|<R}  (1+|x|2)0  (1+Sl)  11  (4+R2) 
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Hence  for  all  n  >  0 


u(x) 


{-~ T  <|X|<  *-}  (1  +  |x|2)4 
2n+1  2n 


<  )9  J(u) 

2" 


Summing  these  inequalities  over  all  n  >  0  gives 

f  u(x>  6  e  i 

J{|x|<r}  2  j  <  4  r  .0  J(u)  ' 

11  1  W  (1+|x|V  1-2 

whence  (A. 4 ) . 

Proposition  A. 2 

(i)  X  -  It  e  Lj;oc(«n),  sup  ^  <  -) 


<ii)  {f  e  i.’oc(«N)/  ®  l"  »n»  c  x  . 


(iii) 


L1(P-L.  + 

m-1  2 


c  X 


(iv)  More  generally,  for  1  <  p  <  • 

tfeLLc(*N,»  »1/(^1)  •tP,pM/a,)c  1  • 

Proof.  For  (i),  apply  Proposition  (A.1)  with  8  ■  N,  S  -  1  ■  0  and  recall  (1.2), 

B“  I 

(1.3).  Then  (ii)  follows  from  (i).  To  obtain  (lil),  apply  (A. 4)  with  8-1-0  and 
8  -  For  (iv),  set 

^ *£*P1/(m-1))P  PN/2  "  w  e  L  ,B  *  ’ 

Then 


^{|x|«R}|f| 


N(  1-  -) 
P 


R  P  ^{|x|4R}lflP>VP<R 


N  (  1-  -> 


P' (1+R2)”*’ 


2?/  w) 


1/p 


N+ 

<  C  R 


2 

m-1 


We  now  identify  XQ . 

Proposition  A. 3.  The  space  XQ  -  {u  €  X»  lim  lul  -  0>  is  the  closure  of  L1)*?*)  in  X. 

r  ♦»  r 

Proof.  Let  f  e  L1  ( ■?*)  and  set  Y  -  — -  *  N.  Since 
. .  18“  1 
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we  have 


{ |X|<R} 


)u| 


(|x|<R) 


|u-f| 


*1zJ  If  I  - 

RY  {|x|«R} 


lul  <  lu-fl  +  —  If!  ,  „ 

r  r  rY  lV") 


Sine*  I  •  I  deer 
r 


with  r,  for  r0  >  0 


11b  sup  *h,t  *  lu-flr 


and 


li»  aup  lul  <  inf  (lu-fl  s  f  e  l1  <rN)} 
r*«  r  r0 


Thus  XQ  contains  the  closure  of  L1 (rf1 ) . 

Conversely,  assume  lim  lul  -  0.  Then,  if  1  is  the  characteristic  function  of 
rt-  r 

(|x|<r>,  u.1r  converges  to  u  in  X  when  r  tends  to  ■  (whence  the  result  since 
u.1r  8  L’(rf'l).  Indeed 

J{|*|<R>|tt_u‘1rl  “^/{r<|xl<R}101  *  ,u,r  for  a11  R  >  1  * 


Proposition  R.4. 


(i)  (f  e  li»  |f(x)  (*>  “  0}  c  xQ  . 


(ii)  Let  1  <  p  <  •  and  8  e  Llo<j(K  )  satisfy  8  >  0  and 
Then 


{f  e  Ltoc(aH>>  fP1/(»-1)  e  LPt0V2,}  c  X0 


(ili)  Por  1  <  p  <  »,  Lp(p  ,  N)  c 


1  +  2 


X0  * 


Proof.  For  (ii)  let  w  -  Sp^,  Then 


li»  8(x)  - 
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N<1-  -) 

'iWOO11'  ‘  '(UK,,)1"  *  *  P 


Hence 


and  we  deduce  (ii). 


H(1_  i,  _1_  +  N_ 

*•  /{|x|<r  }lfl  ♦  R  P  O+R2)*”1  2p(  sup  (6(x)>  ')(/  w)"p  . 

11  0  r0<|x| 

**■  *  ~r -  +  C  8UP  {9(x>)*1  ' 

r 

The  assertion  (i)  is  obtained  similarly.  For  (iii)  note  that 

|f|P<>_1_  +  N  “  PjXgOj, 

■-1  2  m-1  a-1  2 


Ell 

and  use  (iii)  with  8(x)  -  (1+|x|2)"-1. 

Proposition  A. 5. 

It  e  X>  €  L  (*H)}  is  not  dense  in  X  . 

Proof.  By  Proposition  A. 2  (l)  and  Proposition  A.1,  the  claim  is  equivalent  to  saying  that 
iV)  is  not  dense  in 

{v  e  Lioc(mN,»  ‘"P^  /Uxi«R>,v|  <  “} 

with  the  obvious  norm.  Let 

on  n  -  —  <  |  x  (  <  n  n  «  1 , 2 , . . . 
n 

otherwise  . 


If  M-1  <  R  <  K 


hi 


N  J(|X|<R}|V(X)|  * 


(M-1)N  1 


v  N-1 


<  +“ 


while  if  f  e  |f |  «  x. 
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Henc« 


■  n_k 


>  V 


m>1  n 


43 
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